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Optimal Discrete-Time Static Output-Feedback Design:
A w-Domain Approach

Cheolkeun Ha* and Uy-Loi Lyt
University of Washington, Seattle, Washington 98195

Presented in this paper is an alternative design methodology for optimal discrete-time control-law synthesis
(i..e, what we call a W-design method). The proposed method solves an optimal static output-feedback design
for sampled-data systems with a given known sampling time. The overall scheme involves the formulation of an
exact optimal control problem for discrete-time systems using a state-space transformation and an equivalent
quadratic cost function in the w domain. A one-to-one relationship between a set of stabilizing feedback gains
in the w domain and those in the traditional z domain has been established. The optimal output-feedback gain
obtained from the minimization of the equivalent cost functional expressed in the w domain will yield the same
optimum solution as the one obtained traditionally in the z domain. An attractive feature of this procedure is
that design solutions can be obtained using only continuous-time-domain techniques. The procedure is demon-
strated with the synthesis of a longitudinal-axis stability augmentation system for a commercial transport.

Introduction

RANSFORM methods have been widely used and dis-

cussed in textbooks on the subject of sampled-data con-
trol systems.!-* However, usage of w transform, as shown in
the literature,’* has been mostly limited to classical control-
law synthesis based on Bode frequency responses and root
locus,’ and in spectral factorization algorithms.* Direct use of
the w transform has not been fully explored to our knowledge
in the solution of multivariable optimal discrete-time prob-
lems. Recently, H* designs in sampled-data control systems
have been obtained in Ref. 6 using the w transform in com-
bination with recent results on H* control for continuous-
time systems. Thus, it is perceived that advances in optimal
control techniques for problems defined in the continuous-
time domain can be readily extended to discrete-time prob-
lems using the w transform, in particular, the synthesis of
robust low-order controllers using parameter optimization.’
What is lacking in the literature is the exact formulation of
such a problem and a procedure to solve for the optimum
solution. The additional feature of the W-design method ad-
dressed here is the fact that this method would allow us to treat
discrete-time control-law synthesis with frequency-dependent
design specifications. Furthermore, frequency loop-shaping
techniques for sampled-data systems may be developed based
on results of loop transfer recovery developed in the continu-
ous-time domain.??

Moreover, the proposed algorithm seems to offer a notice-
able improvement in the numerical accuracy for discrete-
time problems even for the case of small sampling time. The
problem for an optimal static output-feedback design in a
multivariable sampled-data system can be expressed entirely in
terms of state-space equations, thereby resulting in a design
procedure that is efficient and the solution amenable to nu-
merical computations. The purpose of this paper is to provide
the exact formulation of a linear quadratic optimal discrete-
time problem in the w domain, and its solution using a numer-
ical optimization technique developed for continuous-time
problems.’
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Characteristics of the w Transform

Common treatment of a sampled-data system in the fre-
quency domain involves the introduction of the z transform.
Other well-known frequency-domain mappings have also been
discussed in textbooks.!? Early definition of such a mapping
from the z domain to the w domain has the form of a bilin-
ear transformation defined by (z —1)/(z +1) where z =e¢°7.
This mapping, however, is not appropriate since the trans-
formed system does not reduce to the continuous-time system
as the sampling time 7" approaches zero. A slightly modified
but convenient transform, again called w transform in Ref. 1,
is defined by
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which was also used in Ref. 5. Some useful properties of this
w transform are summarized next.

Property 1: When the sampling time 7 approaches zero,
the w operator becomes the Laplace operator s; that is, the
transfer function in the w domain, G,,(w), actually becomes
the continuous-time transfer function, G(s), as the sampling
time T goes to zero.

~ Property 2: Let w=n+jv and s=0+jw then p=2/
T tan(w7/2).
Property 3: The inverse of w (i.e., w~!) is closely analo-

gous to s~ ! for a simple integrator if the sampling time T is
small.
Property 4.

_2UT-w

27l =
2/T+w

is analogous to a first-order Pade approximation of the time

delay

2/T-s
e =T g —
2/T+s
Property 5: The frequency » introduces the warping effect
on the continuous-time frequency w due to the sampling
scheme. For |w| <#/4T, then v =w; for example, if w=7/4T,
then

/
= M = 1.0548 (=5% warping)

id
w /8
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Property 6: System stability in the w domain is defined by
having eigenvalues located in the left half of the w plane where
the real part 5 of the eigenvalue w =%+ /v is negative. Stabil-
ity region inside the unit circle of the z plane is now mapped
into the left half of the w plane using the w transform. This
is similar to the stability region defined for continuous-time
systems.

State-Space Model of a Plant in the w Domain
Let a continuous-time plant state model be given by
x(t) = Ax(t) + Bu(?)

(1) = Cx(t) + Du(?) 0))

with initial conditions x(0) where x(¢) is a state vector of
dimension n, u(¢) is an input vector of dimension m, and y ()
is an output vector of dimension p. The state matrices A, B,
C, and D are constant matrices in ®”*", ®"*" ®P*" and
®RP*™, respectively. Assuming that the plant inputs and out-
puts are sampled at a constant sampling interval 7 and the
inputs u(¢) to the continuous-time plant are held constant over
the sampling interval (i.e., using a zero-order hold device), the
discrete-time state equations of the resulting sampled-data
system are
Xir1 = AgXe + Batiy
Yi = Cyxy + Dyuy 2
where
T
Ad=e’”, Bd:j‘ eA’dtB, Cd=C, Dd=D (3)
0

Note that the discrete-time transfer function is given by
G.(2)=Cq(zI,—Ay) 'B;+ D, where z =e°T. For a discrete-
time system given in Eq. (2), and applying the w transform
defined in the previous section, we obtain the following equiv-
alent set of state equations in the w domain. By introducing a
““fictitious’’ state vector x,,(w) of dimension #, we have

WXy (W) = AyXy (W) + Byt (W) + T, @
y(w)y=Cyux,(w)+ D u(w)+G,x, 5

And the original state vector x(w) is now an output of the
preceding system model with the following equation,

x(w) =x,(w)+ Eu(w)+Q,x, 6)

where

Ay = Q/THAG+ 1) (Ag—1,)

B,=@/T)YA;+1,)" By

T,=@/TYA;+1,) 24,4

C,=Cy

Gy =Cy(Ag+1,)!

D, =Dy~ Cy(As+1,)" "By

E,=~(Ay+1,)"'B,

sz(Aa’"'In)_l @)

And conversely, we have
Aq=|@/DI,+A,[@/D1,-A,]!
B,=@&/T[/T)I, - A,] 2B,

Cs=C,
D;=D, +C,[2/T)I,~A,] 'B, (®)

Furthermore, for convenience, we define a new output y,, (w)
to be

Yu(w)=y(w) = Dyu(w) = Cyx,,(W) + G,y X, ®

where [, is an identity matrix of dimension n. Here, x(w),
u(w), and y(w) are, respectively, the w transformed variables
of the states x;, inputs u;, and outputs y,. The defined out-
puts v, (w) are similar to the outputs y(w), except that they
do not contain the direct feedthrough term from the inputs
u(w). The significance of these newly defined outputs will be
evident in the theorem where we establish a one-to-one equiv-
alence between a feedback design in the w domain using cut-
puts y,,(w) and a feedback design in the z domain using out-
puts y(z).

It should be noted that the discrete-time plant model in
Eq. (2) is represented exactly in the w domain by Egs. (4)
and (5) for any given sampling time 7. As pointed out be-
fore, the transformed variable for the state vector x; is given
in Eq. (6); it can be treated as an output vector y(w) with
c,=1,, D,=E,, and G, =Q,,. For strictly proper systems
(i.e., D =D, =0), the system equations (4) and (5) will always
have at least one nonminimum-phase zero at w =2/7. This
fundamental property derives directly from the sampler-and-
hold used in sampled-data control systems. Since these devices
are inherent in any sampled-data system, performance of the
resulting control design will therefore be limited by the pres-
ence of these nonminimum phase zeros, in comparison with
that achieved under an analog (i.e., continuous-time) design.
Following are some remarks on the w-domain model.

Remark 1: let \; and A, be eigenvalues of the system
matrices A, and A,,, respectively. It can be shown that

2 N\ -1
Ay = — —
YT A+
From this relationship, we can deduce that the real part of
the eigenvalue A, is negative (i.e., stable), if and only if the
magnitude of the eigenvalue A, <1. This can be easily seen
from the fact that

. o2 2.1
7= Re(h,) = 2~ =
T [N;]2+2Re(A\;)+1

implies |\, =1, where Re( ) means the real part of ( ).

Remark 2: Even when the plant transfer function matrix
between the inputs u(f) (or u,) and the outputs y{(¢) (or y)
[i.e., G(s) or G,(z)] is strictly proper with D =D, =0, the
corresponding transfer function matrix expressed in the w
domain will always be proper with a nonzero direct feed-
through matrix D,. The transfer function matrix in the w
domain is defined by

Gw(w) = CW(WIII —Aw)_le +D,

Remark 3: As the sampling time T approaches zero, it can
be shown that the system matrices A,, and B,, will tend to be
continuous-time state matrices 4 and B, respectively, and the
direct feedthrough matrix D,, will become D. Note that

2T2

Ag=e'T=I+AT + + -

2!
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and

T TZ
Bd:j eA’dtB:BT+§AB+
0 .

then from Eq. (7) we have

A, =U/TYAT + --), B, =1/TYXBT+---)

D, =D — V(BT + )

Remark 4: Frequency responses of the transfer function
G, (w) in the w domain (i.e., w =j», 0<p< o) match closely
those of the continuous-time transfer function G(s) (i.e.,
s=jw, 0=sw<n/4T).

Realization of a w-Domain OQutput-Feedback Design

Consider a plant state model given by Eqs. (4) and (5); let
us assume that one has determined an internally stabilizing
output-feedback control-law u(w) =K, »,,(w) using any avail-
able design methods such as output-feedback eigenassignment,
parameter optimization,’ Riccati-based methods, and others.
Note that the static output-feedback gain K, is applied to the
output y,,(w) defined in Eq. (9). To physically implement such
an output-feedback control law synthesized in the w domain,
one needs to convert it back into the z domain and obtain an
equivalent gain K in the control-law u(z) = K, y(z). This rela-
tion would allow us to implement any (not necessarily optimal)
output-feedback control-law K,,. The result is given in the
following theorem.

Theorem: If an output-feedback control-law K, in u(w)
=K, yw(w) stabilizes the system given in Eqs. (4) and (9),
then, the following output-feedback control-law

Ks=Un+K,Dy)" 'K,

u(z) =Kqy(z)

will stabilize the discrete-time system given in Eq. (2) where D,,
is defined in Eq. (7). Furthermore, the eigenvalues of the
closed-loop systems with feedback laws u(w)=K,y,(w) in
the w domain and u(z)=K;y(z) in the z domain are related
by the w transform (see Remark 1).

Proof: Assume that the closed-loop system with feedback
law u(w)=K, y,(w) is stable; i.e., all of the eigenvalues of
(A, +B,K,C,) lie in the left half of the w plane. Then it
remains to show that with the feedback u(z)=K;y(z) where

Kd = (Im +KWDW)~ le
the eigenvalues of the corresponding closed-loop system will
also lie inside the unit circle in the z plane. Notice that one can
solve for K,, in terms of K, and obtain

K, = (Im _KdDw)and

Considering the closed-loop system matrix (A, + B,K,C,),
we have

A, + BK,Cyy =@/TYAg+1,) (Ag—1I,)
F@/THAG+L) 2B [T+ Ky[CalAq +1,)7'By
-D,}"'Kq| Cq
=@/T)Ag+1)"! [{Aa’ +By(I, —K4Dyg) 'K 4Cy)
-1,]- [[Ad +Ba(l,, ~ KaD,) 'K Cy) +1,,] YAy +1,)

= Q/TNAs+ 1) (Aga~ T NAaga+1,) " (Aa +1,)
10y

where
Aga=Aqg+ Ba(l, —KsDy) 'K4Cy an

is the closed-loop system matrix of the z-domain model.

Let V be a similarity transformation that places the closed-
loop system matrix A ,q into an upper-triangular form. Now,
define the matrix Z = V ~'4 4V where Z is an upper-triangu-
lar matrix with closed-loop eigenvalues z; (i = 1,n) along its
diagonal, then we have

A, +B,K,C,=(A;+1,)"'V
X {(Q/ITNZ - 1)Z +1,) "}V (Ag+1,) (12)
The eigenvalues of (4, +B,K,C,) are simply those of {2/
TYZ — I, Z +1,)"!. Therefore, the eigenvalues z; (i =1,n)
of Z are related to the eigenvalues w; (i=1,n) of (A,

+B,K, C,) through the w transform; i.e.,

2zl
T Tzi+1

w;

Thus, if the real parts of the eigenvalues w; (i =1,n) are neg-
ative, then, according to Remark 1, the corresponding eigen-
values z; (i =1,n) will also lie inside the unit circle and are
therefore stable.

We have shown that, if an output-feedback gain matrix K,,
stabilizes a system described in the w domain, then the dis-
crete-time feedback gain matrix Ky =(1,, +K,.D,)"'K,, will
stabilize the same system représented in the z domain. This
result enables us to develop design methods in the w domain
having desired performance and robustness properties, and
later implement these designs using the above theorem. For
example, a design procedure for a stabilizing output-feedback
gain in the w domain can be developed using Riccati-based
methods to achieve desirable loop-shaping, and then we apply
the theorem to realize such a design in the discrete-time do-
main.

Quadratic Cost Function in the w Domain

Let us consider a control problem involving the minimiza-
tion of a discrete-time cost function J, given by

Ji=7 X E{x]Quxi +2u{ M,x +ulR,uy) 13)
k=0

SR

which is subject to the state constraints given in Eq. (2), where
E{ } means the expectation operator. The state initial condi-
tions x, are treated as random with zero mean E {x,} =0 and
covariance E {x,xT} = X,. The matrices Ay, By, C;, and D,
are given in Eq. (3). Note that the state equations in Eq. (2)
along with the weighting matrices Q,,, M,,, and R, must sat-
isfy the usual stabilizability and detectability conditions!%-!!
for the existence of an optimal stabilizing state-feedback law.
The resulting optimal control law'! is given by

w = Kyx; 14
with
Ky=—(R,+B]SBy) 'MI+BIsA,) (15)
and S satisfies the steady-state discrete-time Riccati équation'?
S =AlSA,; + Q. — (M]+BISA,T
X (R, +BISB,))""(MT +BJISA,) (16)

To establish an equivalent formulation in the w domain
for Eq. (13), we invoke the Parseval theorem and the w trans-
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form. The cost function J; can be rewritten as

oA | i N Bl ]
~joo w w
4/T

X ————————— dw 17

(2/T)*—(w)? an
where [ }* implies the conjugate transpose of a vector or a
matrix. Letting w =j», Eq. (17) takes on the familiar form of
a Fourier integral given by

; =Lr5{[x(h)}*[Qw MW] [x(jv)D
“Tar o TULuGn] LMD R LuGy)

4/T

“wnren 18
Minimization of the cost function given in Eq. (17) is sub-
jected to the following set of constraints: 1) state constraints in
the w domain given in Egs. (4) and (9) where x, represents the
set of random plant initial conditions and 2) constraint on the
controller structure for a static output-feedback design,

u(w) =Ky yw(w) a9

where K, is an output-feedback gain matrix determined from
the minimization of the cost function J; in Eq. (17).

It is interesting to note that the optimal feedback gain K,
in Eq. (19), even for the full-state-feedback case (i.e., Cy;=1,
and D, =0), cannot be solved from continuous-time algebraic
Riccati equations. Basically, when formulated in the w do-
main, the problem becomes one that corresponds to an output-
feedback design as depicted in Fig. 1. By examining the cost
function in Eq. (17), we see that one needs to introduce shap-
ing filters for the system state variables x and the control
variables u . The ‘‘time constant’’ of the shaping filter depends
only on the sampling time 7. This filter is crucial to the exact
formulation of the cost function J; in Eq. (13) for control
problems expressed in the w domain. From Eq. (18), one can
see clearly the direct dependence of the design performance
on the sampling time 7. In general, one would resort to numer-
ical search techniques for solving the optimal control gain
matrix K,,. Effective numerical algorithms have been devel-
oped based on gradient search, which requires the availability
of the necessary conditions for optimality. These conditions
are developed in the next section.

Necessary Conditions for Optimality

To solve the problem stated in the preceding section, it is
convenient first to reformulate the system model into a ficti-
tious time-domain representation with a time variable 7 where
the operator dr assumes a similar function as the continuous-

x(w) x{w)
. 2/;/5_7 i
0 w4
Shaped
. | Outputs
w-Domain utw) | 27 | 40
a—
Plant Model w+2/T
uiw)
- Nl w)

K,

Fig. 1 Schematic block diagram in the #/-design methodology.

time differential operator d¢. More precisely, we define the w
transform in the » domain as follows:

o

F(w)=F(f() = Sovf(f)e’” dr (20)

where F(df/dr)=wF(w)—f(07).

Using a time-domain definition with the variable 7 above, an
augmented state model for the optimal W-design procedure
can be obtained as follows:

ad;xw(f) = Ax(r) + Bu(n) + Tx, 5(r) @

with x,,(07) =0 where x,,(7) =[x (), x] (1), u] (1)] T and &(7) is
the well-known Dirac function. The additional states x,(7) and
us(7) are used to implement the shaping filters on the states
x(7) and inputs u(7) for the cost function J; of Eq. (17). The
state matrices A B and T' can be constructed,

A, 0 0
A= |21 —1 0
- \/—T" n
0 0 -=1,
B, T,
B= iE = —2-9 22
- ‘/7.. w ’ - ‘/T w ( )
i1 0
ﬁlﬂ

The output-feedback law given in Eq. (19) becomes
u(r) = Kywyu() (23)
where
Y}y =1Cs 0 0]x,(7) + G\ x,0(r)
= Cxu(1) + G X, 8(7) (24)

The cost function given in Eq. (17) can be expressed as

o

1
Jd(Kwaxo) = 5 j E{XvTvaXw} dr
0

1 =]
= ETr<ZWS E{xwx%) dT) (25)
0
where
0 0 0
L,=]0 Qw M, (26)
0 MI R,

The above formulation corresponds exactly to the optimal
control problem in the continuous-time domain!? for an opti-
mal output-feedback design with a quadratic cost function.
Thus, one can make use of solution methods that are devel-
oped for continuous-time systems to solve the discrete-time
problem at hand. Note that, with the augmented state model,
the cost function in Eq. (25) contains a penalty on the state
variables x,,(7) and does not contain a direct penalty on the
control inputs u#(7) (i.e., it has the form of a singular cost).
Gradients of the cost function J;(K,,Xx,) with respect to the
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feedback gain matrix K,, can be derived using, for example,
results of Ref. 7. We obtain

aJy
K,

= BTA{XCT+(I'+ BK,,G,)X,G ] @27

where X and A are solutions of the following Lyapunov equa-
tions:

(A +BK,C)TA + A4 +BK,C)+ L, =0
(A +BK,0)X + X(A +BK,,C)T
+(+BK,G )X, (I'+BK,G,)T=0 (28)

The cost function J,; becomes J; =% Tr{L,X}. At the opti-
mum design solution, one must have 4J,/9K,, =0.

The necessary conditions for optimality are similar in form
to those obtained for the continuous-time problems.!* The
significance of the equations given above are that they apply
instead to the solutions of an optimal static output-feedback
design for discrete-time systems. These equations can, of
course, be solved using numerical algorithms developed for
continuous-time problems.” Some remarks concerning the de-
sign procedure based on Egs. (27) and (28) are given next.

Remark 5: Numerous well-known results can be derived
from the stated set of necessary conditions for optimality. For
example, when simplified to the state-feedback case, Eq. (27)
together with Eq. (28) and the gain relation shown in the
theorem will reduce to the familiar discrete-time Riccati equa-
tion given in Egs. (15) and (16). Note that, in full-state feed-
back case, the optimal gain K, is also independent of the initial
state covariance matrix X,. However, in general this is not true
for the output-feedback case.

Remark 6: From the results obtained so far, we have pro-
vided an alternative exact formulation of H? optimization
problem for sampled-data systems. The problem is defined
and solved completely in the w domain.

Remark 7: Results can be easily extended to problems in-
volving discrete-time stochastic systems excited by distur-
bances {; of zero mean E{{;} =0 and covariance E{;,-(]T}
= W, 6;;. The discretized state-model at a sampling time T is
given by

Xpp1=Aaxy + Baup + Qa8e, Vi = Caxyp + Dy (29)
and, without loss of generality, we assume x,=0. A state-
space representation of Eq. (29) in the w domain is

wx, (W) = Aywx(w) + Byu(w) + T, {(w)
Yw(w) = Cuxy(w) + Gy {(w) (30)

where 4,,, B,,, and C,, are the same as in Eq. (7), while the
matrices I',, and G, are given by

Ty =@TNAs+1) s, Gy =-Ca(Ag+1)""'Q (3D

—1.6750x 1072

0 0

—2.4320x 102

—6.3390x 102

~-3.6942 x 10*°
0

’

1.1214x 10!
—1.6400x10-2 —7.7705x 10!
—4.1670x 1072 —3.6595x 10+

In this case, the cost function J; is of the form

Ja =4 lim E i) Buxu(n)] = V5 Tr (>: 1ng[xw(r>x£(r)])
(32)

The necessary conditions for optimality given in Eqs. (27)
and (28) also apply if we let X, =W, and use T, and G,, as
given in Eq. (31). The cost function J; in Eq. (17) is replaced
by Eq. (32).

Remark 8: The preceding results also can be extended to
the dynamic output-feedback case for a system in Egs. (4) and
(9) excited by random initial conditions x,. Let us suppose that
the dynamic compensator is of order r and has the following
form:

wx(w) =A,x(w) + B, y,(w)
u(w) = Cx(w)+ D,y,(w) (33)

State of the augmented model is simply x, = [x%,x7]7 and all
of the controller state matrices of Eq. (33) are compactly
placed into the output-feedback gain matrix K,, as follows':

K, = b, ¢ 34)
»=|B A (

In this case, the cost function J, is of the form

Ja(Kyw,Xo) = % L E{xIZ;x.}dr= %Tr<2zjo Ef{x:x; } dT>
(35)
where A
I, = [EW 0 } (36)
0 0.,

The necessary conditions for optimality given in Egs. (27)
and (28) also apply to the case of a dynamic compensator if we
make the following substitutions,

A_Ao B_z?o é_éo
Lo o, T Lo L1 T Lo I,

~ I G, Z, 0
I'= s GWE s ):WE 37
o omlon) == o) e

Numerical Example

In this section, we synthesize a stability augmentation
system for a commercial transport B767 using the W-design
method. Different output-feedback controller structures have
been investigated. A longitudinal aircraft dynamic model is
obtained for the flight condition: weight 184,000 Ib, Mach
0.80, altitude 35,000 ft, velocity 778.3 ft/s, and c.g. location
0.18 MAC (mean aerodynamic chord). It has the form of
Eq. (1) with states x(¢)= { V(ft/s), a(deg), g(deg/s), f(deg)},
input u(z)={6.(deg)} and outputs y(f)={ V(ft/s), a(deg),
q(deg/s), 8(deg)}. The state matrices A, B, C, and D are
given by

2.8000x10~* —5.6083x 107!

9.9453 x 10! 1.4700x 103
—9.5443 x 10! 0

1.0000 x 10*° 0
C=1,, D =04,
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We consider the following continuous-time cost function J,

J= % § E{x(1)Qx()+uT(t)Ru(1)) dt %)
0

where Q =1, and R =1, and the covarince matrix of the initial condition x, is X, = I;. The above continuous-time system and its
performance index J is then discretized using a sampling time 7 =0.03 s.

The weighting matrices Q,,, M,,, and R,, in the cost function J; of Eq. (13) are obtained according to the discretization method
described in Ref. 1 taking into account the intersample behavior

2.9985x10"2  4.4026x10-5 —1.9975x10-5 —2.5243x10~*
4.4026x 1075  2.9396x10-2 —1.1541x10"% -1.6134x10"°
* T ] 21.9975%10-5 —1.1541x10-3  2.9143x10-2  4.4573x 10~
—2.5243x10"% —1.6134x10"°  4.4573x10-*  3.0003x 10~2
-9.5713x10-6
7.4031x 105
M, = Lel4lx10-1] R, = [3.0120x 1072
—1.6381x 103

With the given discrete-time state model, we then formulate the synthesis model in the w domain according to Eq. (7):

—1.6752x 102 1.1201 x 10! 2.5379x 1074 —5.6083x10"!
-1.6409%10-2 —7.7770%x 107! 9.9463 x 10! 1.4691 %1073
"l —4.1671x1072  —~3.6599x10*° —9.5510x 10~ 3.5299x 10~

—7.5394x 1076 —4.7512x 104 1.0002x 10+° —1.3493%x 106

—2.4332x10-2

~9.5065x 10~2

"7 237514 % 10+0

5.5152 % 10-2
3.3333x 10! 6.7237x 104 3.3734x 10~} —7.1701x10-5
2.1308x10~%  3.3356x10*' 1.2915x10-2 —6.0478 x 10~
Tw = ) 5415%10 4 —4.7528% 102 3.3354% 10*! —1.3492x 104
31253 107¢  2.7452x 1072 7.1683x 10~}  3.3333x 10*!

3.6668 X 104

£ 9.5822% 104

5.5424 % 102

4.2320x 10~
5.0013x10!  —8.4009x10-% —1.9034x10-¢  4.2062x 10~}
1.2307x10°%  5.0583x10-! —7.4597x 10~} —1.1019% 10
Ov= 13125310 ¢ 27449%10-2  5.0716x10-1 —2.6474% 10-°
5.6546x10-%  3.5634x10-® —7.5015%10-3  5.0000% 10~

3.6668 X 104

b~ 9.5822 % 10~

5.5424x 102

4.2320x10°°
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Table 1 Optimal static output-feedback designs

Optimal output-feedback gain matrix

N Closed-loop
Design with outputs {V, a, ¢, ] eigenvalues, Optimum
case no. Ky Kg rad/s cost Jg
12 [—-0.94376, —0.76772, Not applicable —2.3565+1.3017: 4.4039
1.0272, 1.8289] —0.3792 +0.2459:
2b [ 0.94348, —0.81651, [—0.89359, —0.77333, 0.9310+0.0364 4.40425
1.0276, 1.8359} 0.97329, 1.7388] 0.9887 +£0.0073
3b [—1.5745, 0.0, [—1.4593, 0.0, 0.9075 +0.0550i 4.60365
1.4355, 2.6308] 1.3304, 2.4382] 0.9909 + 0.0086
4b [-0.75014, 0.0, [—0.75289, 0.0, 0.9796 +0.0524i 18.2790
--0.061008, 0.0] —0.061231, 0.0] 0.9965 £ 0.0164
5b [0.0, 0.0, [0.0, 0.0, 0.8983+0.1112/ 20.027
1.5642, 6.2791] 1.4394, 5.7780] 0.99938, 0.98247
6° [0.0, 0.0, [0.0, 0.0, 0.9588 +0.0524/ 3041.4
0.25775, 0.0] 0.25412, 0.0} 0.9998 £ 0.0016:

2Continuous-time design (7"=0 s).

Note that, even though the transfer function of the pre-
ceding system, G(s) [or G.(z)], is strictly proper (i.e.,
D =D, =0), the corresponding transfer function G,,(w) in the
w domain is proper (i.e., D,, #0). Furthermore, the transfer
function matrix G, (w) has a nonminimum-phase zero at
66.6667 that corresponds exactly to w=2/T; whereas the
same discrete-time transfer function G(z) in the z domain does
not have any transmission zeros. Hence, the w domain formu-
lation exhibits directly the effect of nonminimum-phase zero
due to the inherent delay introduced by a sample-and-hold
device. Table 1 summarizes several discrete-time output-feed-
back designs that minimize the cost J,; in Eq. (17) to the spec-
ified initial state covariance X,. Here, we use a feedback-law
of the form u(w)=K,y,(w) where the output vector y,,(w)
consists of the aircraft longitudinal state variables { V(ft/s),
a(deg), g(deg/s, 8(deg)}. The optimal feedback-law K, in dis-
crete-time domain is subsequently reconstructed using the gain
relation defined in the theorem. For design comparison, we
also provide in design case 1 results of the continuous-time
optimal state-feedback design. Notice that results-of the dis-
crete-time optimal state-feedback case (i.e., design case 2) are
very much similar to the continuous-time design. These results
are reasonable since the sampling time 7 = 0.03 s is small com-
pared with the time-constant of the aircraft phugoid and short-
period modes. The full-state-feedback design in design case 1
is determined from the solution of an algebraic Riccati equa-
tion. For the remaining design cases (2-6), optimal output-
feedback gains are determined using the numerical algorithm
implemented in Ref. 7. We eliminate the number of feedback
output variables by constraining the feedback gains of the
corresponding outputs to zero. The remaining set of feedback
gains are then used to optimize the cost function J,in Eq. (17).
Clearly, the optimum cost J; and the stability of the closed-
loop system will gradually degrade as the number of feedback
variables is reduced. Results of design case 3 indicate that one
incurs little performance loss when feedback of angle of attack
is omitted. This would be desirable since in practice accurate
measurement of angle of attack is difficult and besides the
measurement is fairly noisy. Design cases 4 and S show that
either a combination of pitch rate and airspeed feedback, or a
combination of pitch rate and pitch angle feedback would give
nearly the same performance, with possibly a small improve-
ment when airspeed feedback was used. Design case 6 repre-
sents a simple pitch damper design; the resulting performance
is poor since the phygoid mode is nearly unobservable from the
pitch rate measurement.

In the previous example, we have demonstrated the direct
application of a constrained parameter optimization tech-
nique’ originally developed for the continuous-time problem

b Discrete-time design (7 =0.03 s).

to solve an optimal discrete-time output-feedback control
problem using the framework of the W-design methodology.

Conclusions

An alternative optimal control-law design method for sam-
pled-data systems based on the w transform has been devel-
oped. The procedure has the potential of providing a unified
framework for the synthesis of multivariable control systems
in both the continuous and discrete-time domain. Hence, a
single design tool can be used for both the continuous and
discrete-time problems. An attractive feature of this formu-
lation is that one can immediately use parameter optimiza-
tion techniques originally developed for continuous-time sys-
tems to solve for optimum gains in an optimal discrete-time
output-feedback control problem. We further anticipate that
familiarity of designers with continuous-time domain design
techniques would carry them in a straightforward manner to
the synthesis of digital control-laws using the proposed W-
design methodology. In this paper, an exact definition of a
quadratic cost function in the w domain is given corresponding
to a discrete-time optimal control problem. A set of necessary
conditions for optimum static output-feedback designs have
been derived leading directly to a solution method based on
numerical gradient search.
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